,

ik

= A‘;‘ N |(
ok "‘ff"

V‘:-k ++As'

n

j.{wA (8t)

sin (Wt

)

\
’ ,/yv\h
_ «))




Length of a Plane Curve

Lecturer: Xue Deng




A\ V4

Q How to compute the arc length of the following figure?

g—

O X
4" Insert points A=M,M,,=-M,,---,M_;,M_ =B ?

n
If the limit of » | MM, |
=1

then the limit is our arc length of arc AB.




Length of a Plane Curve

Because: [,/(dx)? + (dy)? =1+ y'dx

Q Cartesian coordinate system

Arc length element: ds = \/1—|- y'2dx,

Arc length: S j‘: \/1+ y'2dx.

y=T1(x)

S = Ld J1+x2dy.




Length of a Plane Curve

0 Parametric equation system

X = ¢(t)
y=w(t)
and @(t),w(t) has continuous derivative on [a, b] .

(a<t<f)

Curve arc equation: {

) ds=(d0)? +(dy)? =8 (1) +p @t

Arc length:  |g = J'ﬂ \/¢’2 (1) +y'?(t)dt




Length of a Plane Curve

e Polar coordinate system

p=p@)| («<6<p) and p(0)
has continuoys/ derivative on [«, f£].
SO {x = p(8)cosb

Curve arc:

(X = pCo
.

ky:pﬂne_

y = p(0)sin o (@<0<p)

- ds = J(dx)? + (dy)? =/p°(0)+ p*(0)dE

Arc length:

s=["Jp*(0)+p"(6)d6




Example 1

Prove the arc length of y=asinx (0<x<2x) equal to
X = cost

y =+/1+a°sint
B 2r o B 27 5 >
Y 4 sl_jo \/1+y dx _jo J1+a? cos? xdx

=2r\/1+azcoszxdx —
0 elliptical symmetry ]

21 T i
S, = _[O \/(x')2 +(y)dt = Zjo J(sint)? + (1+a?)(cost)?dt
= 2.[07[\/1+ a’cos’ xdx = S,

0<t<27)

the perimeter of {




Example 2

Find the cirumference of the circle x* + y* = a”.

A R (PT PP
'y =asint vt

X' =—asint,

1, Wtuation

'y’ =acost, /\
27

so L = j JaZsin?t +a? cos? tdt - Q/

= adt

0

= 2ra.




Example 3
X =a(t —sint),

y = a(l—cost), (a>0)

Find the length of the {

\ / . / _ .
4 ‘X (t) = a(l—cost),‘ ‘y (t) =asint, ‘ Parametric equation

t
L= ¥ Ja—cost)? + (asint)?dt .o C o

- ajM\/Z—Zcostdt
0

° 27T
=| 2a dt

JO

1
SIN —
2

27 |
— 2asin —dt|=8a
Jo 2




Summary of Length of a Plane Curve

0 Cartesian coordinate system

S = j:\/1+ y'edx. s= Ld J1+x2dy.

g Parametric equation system

s= "8 +y 2 O

A
R
C
L
E
N
G
T
H

e Polar coordinate system

s=[" P @)+ 0" O)d0




Questions and Answers

Q1: Find the lengthof the line from A(0,1) to B(5,13).

Cartesian
coordinate system




Questions and Answers

Q2: Find the lengthof the r =ad from& =0 to 0 =2x.

) [ 2
?‘ L= j@ \/(aé’) +(a)°do o0~ Polar coordinate
[“N1+e7do

0
g\/1+ 0° +%In(9+ V1+6° )}

27
0

a1+ 477 + % In(27 + J1+477 )}




of aPlane Curve ... ‘,




